Abstract. We give an elementary proof that there are two topological generators for the full group of every aperiodic hyperfinite probability measure preserving Borel equivalence relation. Our proof explicitly constructs topological generators for the orbit equivalence relation of the irrational rotation of the circle, and then appeals to Dye's theorem and a Baire category argument to conclude the general case.
Introduction
Le Maître [5, 6] has completely elucidated the relationship between the cost of an aperiodic probability measure preserving (pmp) equivalence relation and its number of topological generators. His work answered a question of Kechris [2, Section 4 [4] , and Matui [7] . In this note we give an elementary proof of the following theorem which is an essential ingredient in Le Maître's proofs. It is originally due to Matui [7, Theorem 3.2] in the ergodic case, and Le Maître [6, Theorem 4.1] in general.
.(D)], and built on earlier results of Miller [2, Section 4.(D)], Kittrell and Tsankov

Theorem 1.1 ([7])
. Let E be an aperiodic hyperfinite pmp equivalence relation on a standard probability space (X, µ). Then there exists T ∈ Aut(X, µ) generating E and an involution U ∈ [E] of arbitrarily small support such that T and U are topological generators for the full group [E].
Our definitions and notations follow [2] . A Borel equivalence relation E on a standard probability space (X, µ) is said to be aperiodic if every E-class is infinite, and measure preserving if every partial Borel injection T : X → X such that x E T (x) almost everywhere is µ-measure preserving. An equivalence relation E on (X, µ) is hyperfinite if it is the orbit equivalence relation of a Borel action of Z (see [3, Theorem 6.6] ). Aut(X, µ) is the space of measure preserving automorphisms of (X, µ), identifying elements that agree almost everywhere. If T ∈ Aut(X, µ), we will let E T note the equivalence relation on X generated by T .
If E is a measure preserving Borel equivalence relation on (X, µ), then the full group [E] of E is the set of T ∈ Aut(X, µ) such that x E T (x) 4]). Suppose (X, µ) is a standard probability space and T ∈ Aut(X, µ). If A ⊆ X is a set such that A and T (A) are disjoint, then define the involution T A : X → X as follows:
We note the following:
If T ∈ Aut(X, µ), then to verify some set topologically generates [E T ], it will suffice to show that we can approximate elements of the form T A .
Proposition 2.3 ([4, Proposition 4.4]). Suppose (X, µ) is a standard probability space, and T
To derive this from [4, Proposition 4.4], note that E T is generated by {T A : A ⊆ X is Borel} and that every element of [E T A ] is of the form T A ′ for some A ′ ⊆ A.
Theorem 2.4 ([7])
. Let E be an ergodic aperiodic hyperfinite pmp equivalence relation on a standard probability space (X, µ). Then there exists T ∈ Aut(X, µ) generating E and an involution U ∈ [E] of arbitrarily small support such that T and U are topological generators for the full group [E].
Proof. By Dye's theorem [1] (see [3, Section 7] ), all ergodic aperiodic pmp actions of Z are orbit equivalent (i.e. conjugate by a measure preserving bijection). Hence, it is enough to prove the theorem for a single such action. Let Z act on the circle R/Z via an irrational rotation T (x) = x + α (that is, α is irrational). This action preserves Haar measure. We will identify elements of R/Z with their coset representatives in [0, 1) and use the usual ordering on [0, 1) to compare them. Fix any irrational β < α. Our two topological generators for [E T ] will be T and U = T [0,β) .
By Proposition 2.3, we only need to verify that T A ∈ T, U for every Borel set A ⊆ R/Z. Since every such A can be approximated arbitrarily well by a disjoint union of small intervals, it suffices to show that for sufficiently small ǫ > 0, T, U contains T [x,x+ǫ) for every x. Hence, by Proposition 2.2, it suffices to show that T (0,ǫ) ∈ T, U for sufficiently small ǫ, since orbits of the irrational rotation are dense.
So suppose ǫ > 0 is sufficiently small. Then T [ǫ,β+ǫ) ∈ T, U by Proposition 2.2, since there are k ∈ Z such that kα is arbitrarily close to ǫ in R/Z. Hence,
Since β is irrational, there must exist some k such that kβ is arbitrarily close to ǫ. So
The non-ergodic case
We now consider E that are not ergodic. We begin with the case of n irrational rotations of the circle. We will use this special case to prove Theorem 1.1. Below, we will let n = {0, . . . , n − 1}. Lemma 3.1. Consider the standard probability space (n × R/Z, ν × λ) where ν is the uniform measure on n and λ is Haar measure on R/Z. Let α 0 , . . . , α n−1 be irrational and linearly independent over Q, and let T : n × R/Z → n × R/Z be the map T ((i, x)) = (i, x + α i ). Suppose β ∈ (0, 1) is an irrational number smaller than α 0 , . . . , α n−1 . Then T and U = T n×[0,β) are topological generators for the full group [E T ].
Proof. As in the proof of Theorem 2.4, it is enough to show that T, U contains involutions of the form T {i}×[0,ǫ) for every i ∈ n and sufficiently small ǫ.
Suppose ǫ > 0 is sufficiently small. Consider the vectors e 0 = (1, 0, 0, . . .), e 1 = (0, 1, 0, 0 . . .), . . . in (R/Z) n . Since the α i are irrational and linearly independent over Q, there exists k ∈ Z with (kα 0 , . . . , kα n−1 ) arbitrarily close to ǫe i . Hence, there are k ∈ Z so that Recall the usual product topology on Cantor space 2 N is generated by the basic open sets N s = {x ∈ 2 N : x ⊇ s} for s ∈ 2 <N .
Proof of Theorem 1.1. Suppose f : 2 N → (1/2, 1) is any continuous function such that f (x) is irrational for every x ∈ 2 N . Define T f : 2 N × R/Z → 2 N × R/Z by the map T f (x, y) = (x, y +f (x)). By the classification of probability measure preserving actions of Z up to orbit equivalence, if E satisfies the hypothesis of the theorem, then there exists some Borel probability measure µ on 2 N such that E is orbit equivalent to the equivalence relation E T f generated by T f on the space (2 N × R/Z, µ × λ). (For example, for ergodic E, µ is a measure concentrating on a single point)
Consider the space C(2 N , (1/2, 1)) of continuous functions from 2 N to (1/2, 1) equipped with the compact-open topology. Now it is easy to see that for comeagerly many f ∈ C (2 N , (1/2, 1) ), f (x) is irrational for every x. Fix an irrational β ∈ (0, 1/2). We will show that for comeagerly many f ∈ C(2 N , (1/2, 1) ), if µ is any Borel probability measure on 2 N , then T f and U By Proposition 2.3 it suffices to show that for arbitrarily small ǫ > 0 and every s ∈ 2 <N , for every Borel probability measure µ measure on 2 N , T Ns×[0,ǫ) ∈ T f , U f for comeagerly many f ∈ C(2 N , (1/2, 1)).
So fix s ∈ 2 <N , and a sufficiently small ǫ > 0. Suppose
) is an open set and δ > 0. We will show that there is an open subset U ′ ⊆ U so that for every f ∈ U ′ and Borel probability measure µ on 2 N , there is an
. This implies that the set of f ∈ C(2 N , (1/2, 1)) such that T f , U f contains an element of distance at most δ from T Ns×[0,ǫ) is comeager. But since this is true for every δ > 0 this implies that T Ns×[0,ǫ) ∈ T f , U f for comeagerly many f .
If t ∈ 2 <N , α ∈ R, and ξ > 0, define the basic open set U t,α,ξ = {f ∈ C(2 N , (1/2, 1)) : ∀x ∈ N t (|f (x) − α| < ξ)}. It is easy to see that we can find some m ∈ N, p : 2 m → (1/2, 1) and ξ > 0 such that t∈2 m U t,p(t),ξ is a nonempty subset of U . We may assume m ≥ |s| and p is such that ran(p) is a set of irrational numbers that are linearly independent over Q.
Our idea is that every f ∈ t∈2 m U t,p(t),ξ is well approximated by the system of 2 m irrational rotations generated by T p : 2 m ×R/Z → 2 m ×R/Z where T p ((t, x)) = x + p(t). Let A = {t∈2 m :t⊇s} t × [0, ǫ) and U p = T 
